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Abstract
A three-dimensional dynamic model for calculating the ground-borne vibra-
tions generated by harmonic loads applied on the interior ﬂoor of a double-
deck circular tunnel is developed. The response of the system is obtained
coupling the interior ﬂoor subsystem and the tunnel-soil subsystem in the
wavenumber-frequency domain. The interior ﬂoor is modeled as a thin plate
of inﬁnite length in the train circulation direction and the tunnel-soil system
is described using the Pipe in Pipe model. Some numerical instabilities of
the resulting expressions are overcome by using analytic approximations. The
results show that the dynamic behaviour of the interior ﬂoor clearly inﬂuences
the magnitude of the coupling loads acting on the tunnel structure. The soil
response to a harmonic load acting on the double-deck tunnel is compared to
the one obtained for the case of a simple tunnel ﬁnding signiﬁcant diﬀerences
between them for the whole range of frequencies studied. The proposed model
extends the prediction of train-induced vibrations using computationally
eﬃcient models to this type of tunnel structure.
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1. Introduction
In recent years underground train-induced ground-borne vibrations have be-
come a serious issue in heavily populated areas. The increasing importance
that this type of infrastructures has in big cities (Broere (2016)) has lead to
the need for new predictive models, able to deal with the complexity of the
problem. Unfortunately, the implementation of innovative tunnel structure
designs brings new diﬃculties to the eﬃcient prediction of vibration impact.
This is the case, for example, of double-deck circular tunnels, a type of
tunnel where one or more interior ﬂoors divide the structure into diﬀerent
parts and where trains and/or vehicles circulate through them. This type
of infrastructure is being or has already been constructed in several cities
worldwide, as, for example, Barcelona Metro Line 9, Seattle State Road 99 or
Kuala Lumpur SMART tunnel. Some studies have already been carried out
for double-deck tunnel structures, such as the determination of its response
to nearby tunnelling activities (Li and Yuan (2012)). However, the ground
vibrations generated by a double-deck tunnel have not been well studied yet.
Many authors have considered a numerical approach for modelling the track-
tunnel-soil system and predicting underground railway induced ground vibra-
tions. Due to the complexity of the problem, two-dimensional (2D) Finite
Element Method (FEM) models were initially proposed by Chua et al. (1992).
The validity of the plane-strain assumption was studied by Andersen, L.
and Jones, C.J.C. (2006), who compared the results obtained with a 2D
and with a three-dimensional (3D) FEM-Boundary Element Method (BEM)
hybrid model of a non-circular underground tunnel. They concluded that
2D models could not be used to obtain accurate results and that the 3D
nature of the problem had to be taken into account. A similar conclusion has
been more recently stated by Real et al. (2015), who compared the results
obtained with a 3D FEM model calibrated using in situ measurements to
those obtained using 2D FEM models, concluding that the former gives more
accurate results. The unreasonable computational cost required by a 3D
model has been overcome by considering two diﬀerent simplifying hypotheses.
The ﬁrst one, proposed by Clouteau, D. and Arnst, M. and Al-Hussaini, T.
M. and Degrande, G. (2005) and by Degrande et al. (2006), is to assume
that the tunnel-soil structure is periodic in the train circulation direction.
This periodicity allowed them to develop a 3D periodic FEM-BEM model
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that, using the Floquet Transform, requires to mesh only a reference cell in
order to ﬁnd the solution of the problem. The other, initially used by Aubry
et al. (1994), is to assume that the geometry and mechanical properties of
the tunnel-soil system are invariant in the train circulation direction. With
this, the solution can be obtained in the wavenumber domain meshing only
a cross-section of the system. Models of this type, usually called two-and-
a-half dimensional (2.5D) models, have been proposed, among others, by
Sheng et al. (2005), who developed a 2.5D FEM-BEM model of the problem,
by Mu¨ller et al. (2008), who developed a 2.5D hybrid FEM-analytical model
of a non-circular tunnel, and, more recently, by Franc¸ois et al. (2010). An
intersting alternative has been used by Nejati, H.R. and Ahmadi, M. and
Hashemolhosseini, H. (2012), who presented a 2D Finite Diﬀerence Model to
compute the surface vibration induced by an underground train. Despite the
powerful improvements and simpliﬁcations developed, numerical models still
require large computational and engineering costs, making them unsuitable
in scope or for design stages of a new underground construction. In these
cases, the use of analytical or semi-analytical prediction models is usually a
better alternative.
The most recognized analytical model for underground ground-borne vibra-
tions is probably the Pipe-in-Pipe (PiP) model, developed by Forrest and
Hunt (2006a,b). The initial formulation has been later improved and used
for obtaining a wide variety of results. The tunnel-soil model was coupled
to a ﬂoating-slab track model by Hussein and Hunt (2007). Gupta et al.
(2007) compared the model results to those obtained using a coupled FEM-
BEM periodic model of the superstructure-tunnel-soil system. Hussein et al.
(2006) extended the initial full-space formulation to a half-space one using
the full and half-space 2.5D elastodynamic Green’s functions obtained by
Tadeu and Kausel (2000) and by Tadeu et al. (2001) respectively. The
extension to a layered half-space using a ﬁctitious force method has been
recently presented by Hussein et al. (2014). The PiP model, however, is
currently unable to deal with alternative construction geometries such as the
mentioned double-deck tunnel. A 2D power ﬂow comparison performed by
Clot et al. (2014) has shown that signiﬁcant diﬀerences are expected to be
found between the predicted vibration levels found for this tunnel structure
and the ones obtained for a simple tunnel.
The dynamic response of thin plate-thin cylindrical shell structures was ini-
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tially studied by Peterson and Boyd (1978), who presented the ﬁrst analytical
model for a shell with a partitioned ﬂoor as a simpliﬁed model of a plane
fuselage. Lee and Choi (2001) later obtained the free vibration response of a
simply supported shell-plate structure from the response of their subsystems.
The response of both subsystems was calculated using the Rayleigh-Ritz
energy method. The model was later extended by Lee et al. (2003) to the
case of laminated composites. This approach was also used by Wang et al.
(2004) to study the power ﬂow characteristics of the plate-cylindrical shell
structure and by Zhao et al. (2012) to study the forced response of a plate-
cylindrical shell structure. In all these works the plate-shell structures are
ﬁnite.
This paper presents a 2.5D semianalytical model for predicting the ground-
borne vibrations generated by a double-deck tunnel excited with a harmonic
load. The results of the model are obtained coupling the interior ﬂoor and the
tunnel-soil system in the wavenumber domain. The interior ﬂoor is modeled
as an inﬁnite thin plate (a strip plate) and the tunnel-soil system is modeled
using the PiP model. The paper is structured as follows: In Section 2 the
analytical formulation of the model is described. Section 3 is devoted to
describe and solve the problems found in the numerical computation of the
model. Section 4 discusses some results obtained for a particular set of
mechanical parameters. Finally, Section 5 presents the conclusions drawn
from the performed work.
2. Analytical formulation
The double-deck tunnel is modelled as an inﬁnitely long circular cylindrical
tunnel of constant thickness ht and constant mean radius rt divided in two
halves by an interior ﬂoor of constant thickness hp and no curvature. The
tunnel is considered to be embedded in a full-space and, therefore, the eﬀect
of the surface is not taken into account. As has been shown in Hussein et al.
(2006), the half-space response can be directly obtained from the full-space
one. A cross-section of the model is presented in Fig. 1 where a harmonic
point load is applied at a position of the interior ﬂoor (Point 4) and the
resulting displacements are obtained at a position in soil (Point 3).
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Fig. 1: (a) Cross-section of the double-deck circular tunnel model and (b) coupling
hypothesis considered. The ﬂoor is supported at Points 1 and 2, the response is computed
at Point 3 and the force is applied at Point 4.
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Before formulating the model, two comments about the notation used for the
displacement, force and stress variables are done. First, because the response
to harmonic loads is studied, any dynamic variable f of the problem can be
written as
f(x, . . . , t) = F(x, . . . )eiωt, (1)
where ω is frequency and t is time. Second, because the tunnel structure
is assumed to be inﬁnite and invariant in the train circulation direction (x-
direction in the chosen system of coordinates), the dynamic variables are
transformed to the wavenumber domain applying a Fourier transform of the
following form
F¯(kx, . . . ) =
∫
∞
−∞
F(x, . . . )eikxxdx, (2)
where the bar notation is used to express that a variable is written in the
transformed domain. Its corresponding inverse transform, which will be used
for obtaining the results in the space domain, is
F(x, . . . ) =
1
2π
∫
∞
−∞
F¯(kx, . . . )e
−ikxxdkx. (3)
where kx is the wavenumber in the transformed direction.
In the following subsections the analytical models developed for the interior
ﬂoor of the tunnel and for the coupled double-deck tunnel-soil system are
developed.
2.1. Interior ﬂoor model
The interior ﬂoor of the tunnel is represented as a homogeneous and isotropic
thin plate of constant thickness hp, constant width Lp and of inﬁnite extent
6
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Fig. 2: Model and system of coordinates considered for the strip plate.
in the x-direction. This type of plate, represented in Fig. 2, will be referred
as a strip plate in this work. A Cartesian system of coordinates (x, yp, zp)
is chosen, where the subscript p, related to the plate, is not used for the
x-coordinate because this coordinate is shared by both subsystems of the
problem. The system is excited by a harmonic load with an arbitrary distri-
bution P (x) along the tunnel direction and applied at yp = yj . This type of
load will be later used for describing both the external load and the interior
ﬂoor-tunnel coupling forces. Under the considered conditions, the transverse
equation of motion of a thin plate in a Cartesian system of coordinates takes
the form
Dp∇4wp(x, yp, t) = P (x)δ(yp − yj)eiωt − ρphp∂
2wp(x, yp, t)
∂t2
, (4)
where
Dp =
Eph
3
p
12(1− ν2p)
(5)
is the ﬂexural rigidity of the plate wp is its deﬂection, ρp is its density, Ep is
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its Young’s modulus, νp is its Poisson’s ratio, δ is the Dirac delta and
∇4 = ∂
4
∂x4
+ 2
∂
4
∂x2∂y2p
+
∂
4
∂y4p
(6)
is the biharmonic operator.
Assuming harmonic motion and applying a Fourier transform of the form
deﬁned in Eq. (2), Eq. (4) becomes
(
d4
dy4p
− 2k2x
d2
dy2p
+ (k4x − κ4)
)
W¯p(yp) =
P¯ δ(yp − yj)
Dp
, (7)
where
κ =
(
ρphpω
2
Dp
)1/4
. (8)
To obtain the free response of the system, proper boundary conditions at both
edges of the ﬁnite dimension of the plate have to be considered. Because the
double-deck tunnel response will be obtained using the method of coupling
subsystems, the free response of these subsystems is required. The well-
known free edge boundary conditions (detailed, for example, in Graﬀ (1975))
are transformed to the wavenumber domain obtaining
(
d3W¯p
dy3p
− (2− νp)k2x
dW¯p
dyp
)∣∣∣∣∣
yp=0,Lp
= 0,
(
d2W¯p
dy2p
− νpk2xW¯p
)∣∣∣∣∣
yp=0,Lp
= 0.
(9)
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Eq. (7) with the boundary conditions deﬁned in Eq. (9) has two kinds of
nontrivial solutions. For κ2 > k2x the following characteristic equation is
obtained
2ζ1ζ2γ
2
1γ
2
2 [cosh(ζ1Lp) cos(ζ2Lp)− 1] =
sinh(ζ1Lp) sin(ζ2Lp)[ζ
2
1γ
4
2 − ζ22γ41 ],
(10)
where ζ1 =
√
κ2 + k2x , ζ2 =
√
κ2 − k2x, γ1 = κ2 + k2x(1 − νp) and γ2 =
κ2 − k2x(1− νp).
For κ2 < k2x, the characteristic equation is
2ζ1ζ
′
2γ
2
1γ
2
2 [cosh(ζ1Lp) cosh(ζ
′
2Lp)− 1] =
sinh(ζ1Lp) sinh(ζ
′
2Lp)[ζ
2
1γ
4
2 + ζ
′2
2 γ
4
1 ],
(11)
where ζ
′2
2 = −ζ22 .
For any value of kx considered, a discrete inﬁnite set of eigenfrequencies
ωn are obtained from the roots of Eq. (10). Also, as it is mathematically
demonstrated in Leissa (1993), because Eq. (11) always has one root, an
additional eigenfrequency has to be added to the previous set. The work
of Leissa also demonstrates that a second root is obtained under certain
restrictive conditions. However, due to its inﬁnite length, these conditions
cannot be met by a strip load.
The corresponding eigenfunction W¯n(yp) of each root found for κ
2 > k2x can
be written as
W¯n(yp) = ζ2γ1 sinh(ζ1yp) + ζ1γ2 sin(ζ2yp)
−σFF [γ2 cosh(ζ1yp) + γ1 cos(ζ2yp)],
(12)
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where
σFF =
ζ2γ
2
1 sinh(ζ1Lp)− ζ1γ22 sin(ζ2Lp)
γ1γ2[cosh(ζ1Lp)− cos(ζ2Lp)] . (13)
For the root found for κ2 < k2x its corresponding eigenfunction W¯n(yp) can
be written as
W¯n(yp) = ζ
′
2γ1 sinh(ζ1yp) + ζ1γ2 sinh(ζ
′
2yp)
−σ′FF [γ2 cosh(ζ1yp) + γ1 cosh(ζ ′2yp)],
(14)
where
σ
′
FF =
ζ
′
2γ
2
1 sinh(ζ1Lp)− ζ1γ22 sinh(ζ ′2Lp)
γ1γ2[cosh(ζ1Lp)− cosh(ζ ′2Lp)]
. (15)
The forced response of the strip plate in the wavenumber domain is obtained
by the modal superposition method. This response is given by
W¯p(yp) =
∞∑
n=1
W¯n(yp)pn
Dp(κ4n − κ4)
, (16)
where
κn =
(
ρphpω
2
n
Dp
)1/4
. (17)
For the type of loads considered, the coeﬃcients pn are given by
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pn =
1
Cn
∫ Lp
0
P¯ δ(yp − yj)W¯n(yp)dyp = P¯ W¯n(yj)
Cn
, (18)
where
Cn =
∫ Lp
0
W¯n(yp)
2dyp. (19)
It is assumed that the volumetric and deviatoric structural damping ratios of
the interior ﬂoor are equal. Therefore, damping is introduced in the model
by deﬁning a complex Young’s modulus of the form
E∗p = Ep(1 + iηp), (20)
where ηp is the loss factor of the interior ﬂoor (see, for example, So¨edel
(1993)). Substituting Eqs. (8), (17) and (20) into (16), the forced response
can be written as
W¯p(yp) =
∞∑
n=1
W¯n(yp)pn
ω2nρphp
(
(1 + iηp)− ω
2
ω2n
) . (21)
The receptance of the plate in the wavenumber domain is ﬁnally obtained
substituting Eq. (18) into Eq. (21). The receptance α¯ij at a position yp = yi
due to a force P¯ applied at yp = yj can be written as
α¯ij =
W¯p(yi)
P¯
=
∞∑
n=1
W¯n(yi)W¯n(yf)e
iφn
Cnρphp
√
(ω2n − ω2)2 + ω4nη2p
, (22)
where
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φn = arctan
(
ηp
1− (ω/ωn)2
)
. (23)
The plate receptance will be later used for obtaining the interior ﬂoor-tunnel
coupling forces.
2.2. Double-deck tunnel model
The soil and the tunnel dynamics are described using the PiP model derived
in Forrest and Hunt (2006b). In their work, the tunnel is assumed to behave
as a thin cylindrical shell and the soil is modeled as an inﬁnite linear isotropic
homogeneous elastic media. The coupling between both systems is performed
in the frequency-wavenumber domain considering equal displacement ﬁelds
and opposite stress ﬁelds at the interface. The positive directions considered
for the displacements (ux, uθ and ur) and for the stresses (τrx, τrθ and τrr) and
the considered system of coordinates (x, θ, r) are presented in Fig. 3. The
PiP formulation will be directly used in this work but the interested reader
can ﬁnd a complete derivation of the expressions and details regarding its
numerical computation in Forrest and Hunt (2006b) and Hussein and Hunt
(2007).
As it is detailed in Section 4, the interior ﬂoor-tunnel coupling forces are
assumed to be tangential forces applied at angular positions θ = 0 and θ = π,
respectively. With the chosen origin of the angular coordinate, both loads
can be decomposed using only the antisymmetric PiP model formulation,
which was developed in Hussein and Hunt (2007). This axis deﬁnition not
only simpliﬁes the complexity of the analytic formulation but also improves
the computational eﬃciency of the model. Once applied, the response of the
tunnel-soil system in the wavenumber-frequency domain is given by
⎛
⎜⎝U¯xU¯θ
U¯r
⎞
⎟⎠ = ∞∑
n=0
⎛
⎜⎝sinnθ 0 00 cos nθ 0
0 0 sinnθ
⎞
⎟⎠
⎛
⎜⎝U¯x,nU¯θ,n
U¯r,n
⎞
⎟⎠ . (24)
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Fig. 3: Cross-section of the double-deck circular tunnel model with the chosen system of
coordinates and the positive directions considered for the displacement and stress ﬁelds.
The ring modes coeﬃcients of the displacement ﬁeld are obtained from
U¯n =
[
U
∣∣∣
rm
(AEU
∣∣∣
rt
+T
∣∣∣
rt
)−1
]
P¯n = HP¯n, (25)
where the coeﬃcients P¯n are obtained from the ring modes decomposition
of the applied antisymmetric load and where the deﬁnitions of the matrices
AE, U and T are presented in the Appendix A.
The response of the double-deck tunnel is obtained coupling the two com-
prising subsystems: the interior ﬂoor subsystem and the coupled tunnel-soil
subsystem. For modelling this coupling it has been considered that the edges
of the interior ﬂoor are supported by the tunnel wall (Points 1 and 2 in
Fig. 1). This assumption is a realistic simpliﬁcation for the cases where the
interior ﬂoor has been constructed as a precast slab, which is the case, for
example, of Barcelona metro Line 9. Assuming, because the external loads
have no horizontal components, that the inplane response of the thin plate is
negligible compared to its transverse response, the interaction between both
systems is completely deﬁned by two x-distributed coupling forces. While in
the case of the interior ﬂoor coordinates the coupling forces are represented as
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Fig. 4: (a) Free body diagram of the interior ﬂoor (b) Free body diagram of the tunnel-soil
system.
transversal forces, for the tunnel-soil case they are tangential forces. The free
body diagrams of both systems are the ones presented in Fig. 4. Note that
an external force is also applied at Point 4 and that, because the coupling
of the subsystems is performed in the wavenumber domain, the x-direction
distribution of the loads is properly taken into account but has not been
represented in this ﬁgure.
With this assumptions, the deﬂection of the plate in the wavenumber domain
is given by
W¯p(yi) = −α¯i1F¯ p1 − α¯i2F¯ p2 + α¯i4F¯ p4 , (26)
where F¯ p1 , F¯
p
2 and F¯
p
4 are the transformed external and unknown coupling
loads.
In the same domain, the displacement ﬁeld of the tunnel-soil is given by
U¯ = β¯i,1F¯
t
1 − β¯i,2F¯t2. (27)
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where F¯ t1, F¯
t
2 are the unknown coupling loads acting on the tunnel and where
β¯i,1 and β¯i,2 are the PiP wavenumber receptances, which are 3× 3 matrices.
The considered coupling conditions between the strip plate and the PiP
subsystems are
W¯p(0) = −U¯1θ, F¯ p1 = −F¯ t1 ,
W¯p(Lp) = U¯2θ, F¯
p
2 = −F¯ t2,
(28)
where the strip plate displacement are obtained using Eq. (26) and where
the tangential displacements of the tunnel are obtained from Eq. (27).
Because the applied forces on the tunnel are tangential forces and because
the tangential displacement is the one required, only one element of the PiP
receptance matrix in needed to describe the coupling. This element has been
named β¯iθ,jθ in the next equations. Applying the mentioned expressions in
Eq. (28), the following system of equations is obtained
(
−(α¯11 + β¯1θ,1θ) −α¯12 + β¯1θ,2θ
−α¯21 + β¯2θ,1θ −(α¯22 + β¯2θ,2θ)
)(
F¯ t1
F¯ t2
)
=
(
α¯14
α¯24
)
F¯ p4 . (29)
While the plate receptances α¯
i,j are directly obtained using Eq. (22), the
PiP receptances are obtained from Eq. (24), which requires to know the
tangential component of the force coeﬃcients P¯n. These are obtained from
the coupling forces acting on the tunnel which, written in the space domain,
take the following form
p1 =
⎛
⎜⎝ 0P1θ(x)
0
⎞
⎟⎠ δ(θ)
rt
eiωt, p2 =
⎛
⎜⎝ 0P2θ(x)
0
⎞
⎟⎠ δ(θ − π)
rt
eiωt. (30)
The force coeﬃcients are obtained omitting the harmonic dependance, trans-
forming the space distributions to the wavenumber domain and performing
a Fourier series decomposition of the Dirac delta functions. The resulting
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expressions are
P¯1θ,0 =
1
2rtπ
P¯1θ, P¯1θ,n =
1
rtπ
P¯1θ n > 0,
P¯2θ,0 =
1
2rtπ
P¯2θ P¯2θ,n =
(−1)n
rtπ
P¯2θ n > 0.
(31)
Substituting Eq. (31) into the tangential component of Eq. (24), the PiP
receptances can be written as
β¯1θ,1θ =
h22,0
2rtπ
+
1
rtπ
∞∑
n=1
h22,n,
β¯1θ,2θ =
h22,0
2rtπ
+
1
rtπ
∞∑
n=1
h22,n(−1)n,
(32)
where h22,(0/n) is the (0/n)-th term of this element of H.
In obtaining the coupling forces some numerical calculations can be avoided
if the Maxwell reciprocity principle is used, which ensures that α¯ij = α¯ji and
β¯i,j = β¯j,i. Once the coupling forces are calculated, the displacement ﬁelds
of each subsystem in the wavenumber domain are obtained from Eqs. (26)
and (27). The response of the system in the space domain is ﬁnally obtained
applying Eq. (3).
3. Numerical computation
The computation of the model requires to deal properly with two numerical
issues: the correct evaluation of any ill-behaved analytic expression used and
the correct evaluation of the numerical inverse Fourier transform performed
to obtain the response in the space domain. The following subsections
propose alternative well-behaved expressions for the plate eigenfunctions and
discuss how the Fourier transforms, the matrix inversions and the modal
summations should be done to ensure good accuracy in the results.
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3.1. Eigenfunctions correction
The strip plate eigenfunctions presented in Eqs. (12) and (14) are numerically
ill-behaved expressions. These solutions are not stable for large arguments of
the hyperbolic functions appearing in them, becoming necessary to perform
some analytical modiﬁcations in order to obtain accurate results. For the case
of beam eigenfunctions, a procedure to overcome similar numerical problems
has been presented by Gonc¸alves et al. (2007). This procedure is applied
here to the strip plate eigenfunctions.
Dividing Eq. (12) by ζ2γ1 and using that sinh(ζ1yp)− cosh(ζ1yp) = −e−ζ1yp ,
the eigenfunction can be expressed as
W¯n(yp) = −e−ζ1yp + νFF cosh(ζ1yp) + ζ1γ2
ζ2γ1
sin(ζ2yp)− σFF
ζ2
cos(ζ2yp), (33)
where
νFF = 1− σrγ2
ζ2γ1
.
The numerical instability of the strip plate eigenmodes is easy to under-
stand analysing Eq. (33). For high values of ζ1Lp, the term νFF becomes
smaller than the ﬂoating-point relative accuracy typically used by numerical
softwares. When this occurs, the product νFF cosh(ζ1yp), despite having a
signiﬁcant contribution to the eigenfunction value, is numerically equal to
zero. Due to this, the numerical calculation of the eigenmode amplitude is
inaccurate.
This problem has been solved in this work in the following way (Gonc¸alves
et al. (2007)). For large values of ζ1, cosh(ζ1Lp) >> cos(ζ2Lp), and the
instable term can be approximated as follows
17
νFF cosh(ζ1yp) = [
γ21z2e
−ζ1Lp + ζ1γ
2
2 sin(ζ2Lp)− ζ2γ21 cos(ζ2Lp)
γ21ζ2[cosh(ζ1Lp)− cos(ζ2Lp)]
] cosh(ζ1yp)
≈ cosh(ζ1yp)
cosh(ζ1Lp)
[e−ζ1Lp +
ζ1γ
2
2
ζ2γ21
sin(ζ2Lp)− cos(ζ2Lp)].
Then, using that
cosh(ζ1yp)
cosh(ζ1Lp)
≈ eζ1(yp−Lp) + e−ζ1(yp+Lp),
the term can be ﬁnally written as
νFF cosh(ζ1yp) ≈ [eζ1(yp−Lp) + e−ζ1(yp+Lp)]
[
ζ1γ
2
2
ζ2γ21
sin(ζ2Lp)− cos(ζ2Lp)
]
.
which is no longer a numerically ill-behaved expression. The same procedure
has been applied to Eq. (14).
3.2. Samplings and truncations
The response of the system in the space domain is obtained using the inverse
Fourier transform deﬁned in Eq. (3). Because this transform cannot be
performed analytically, numerical integration techniques have to be applied.
When results are desired in diﬀerent cross-sections, the most eﬃcient way
to perform this integration is to use the computational eﬃciency of the Fast
Fourier Transform (FFT) algorithm. In contrast, if results are only required
in a small number of cross-sections, higher accuracy is obtained using other
numerical integration methods such as an adaptative quadrature (Shampine
(2008)). In both cases, the numerical computation of the inverse transforms
has been performed considering an equispaced sampling of the corresponding
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integrands. This sampling is completely deﬁned by the number of samples
N and the sampling resolution Δk.
The numerical computation of the modal summations presented in Eqs. (22)
and (32) has to be truncated taking into account the frequency range of
interest in ground-borne vibrations. For underground vibrations this range
is 1-80 Hz (ISO 14837-1:2005) but results are sometimes presented up to 200
Hz, the range of frequencies where the reradiated noise is signiﬁcant. In order
to obtain accurate results, it is expected that modes with eigenfrequencies
far over the upper limit of the frequency range of interest will not have a
signiﬁcant contribution to the response. This conclusion is later tested in
the results section, where a convergence test is performed.
The last comment is related to the matrices inverted in Eq. (25), which
are ill-conditioned matrices. To avoid the numerical problems found in their
inversion, a LU decomposition has been used.
4. Results and discussion
This section presents and discusses the results obtained using the developed
model. The ﬁrst subsection is devoted to understand the response of the strip
plate subsystem and the second one presents results regarding the dynamical
behavior of a double-deck tunnel.
4.1. Interior ﬂoor results
To ensure that the analytical model of the strip plate has been correctly
formulated and computed, its response to an external load has been compared
to the one obtained using a numerical model of this system. This numerical
model has been developed using the 2.5D FE formulation used in Franc¸ois
et al. (2010). The cross-section of the strip plate has been meshed using 6976
linear triangular elements. The chosen mechanical parameters of the interior
ﬂoor are detailed in Table 1.
Fig. 5 presents a comparison between the response of both models for three
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Table 1: Mechanical parameters used to model the interior ﬂoor as a strip plate.
Parameter Value
Lp 10.9 m
hp 0.4 m
Ep 27.6 GPa
νp 0.175
ρp 3000 kg m
−3
ηp 0.02
diﬀerent wavenumbers: kx = 0, π/16 and π/2 rad · m−1. Very good agree-
ment is obtained for all the frequency range 1-80 Hz. Signiﬁcant diﬀerences
have been only observed for frequencies beyond this range, where higher order
elements or a larger number of them may be necessary. The results have
been obtained considering a vertical point load applied at (x, yp) = (0, 5.45)
m and comparing the vertical response at yp = 3.3 m. In the FE model the
considered node is situated at the upper surface of the strip plate.
Applying Eq. (3) the results obtained with both models have been trans-
formed to the space domain. In Fig. 6 the results of this transformation are
compared for three diﬀerent axial distances: xm = 0, 10 and 25 m (see Fig.
2). Again, very small diﬀerences have been found between them for the range
of frequencies of interest. Because of the relation between the space and the
wavenumber results, this comparison ensures that a very good agreement has
been obtained for all the wavenumber values considered.
The strip plate response presented in Fig. 5 shows some sharp peaks at
frequencies that depend on the considered wavenumber. This phenomena
can be properly explained observing the dispersion curves of the strip plate,
which can be obtained computing the roots of Eqs. (10) and (11). For
the mechanical parameters considered, these curves are presented in Fig. 7.
Several propagating wave modes are possible for each wavenumber. Because
these modes are yp-symmetric or yp-antisymmetric, only those compatible
both with the load and with the response positions contribute to the strip
plate displacement. Therefore, due to the position where the external load
has been applied, the response shown in Fig. 5 is exclusively formed from
the contribution of symmetric modes.
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As has been mentioned in the previous section, the inﬁnite summation of
modes in Eq. (22) is limited to the modes existing up to a truncation
frequency ft. From Fig. 7 it is clear that the number of modes contributing
to the strip plate response for a given truncation frequency decreases as
the value of the wavenumber increases. In particular, for any truncation
frequency considered, there is a limit value of the wavenumber over which
no modes are found and the response of the strip plate , which is computed
using the modal superposition method, is numerically equal to zero.
4.2. Double-deck tunnel results
The correct computation of the soil response requires to consider adequate
values for the following parameters: The wavenumber resolution Δkx, the
number of samples considered N , the number of ring modes and the number
of strip plate modes. The criteria used for the ﬁrst three parameters is the
one presented in Forrest and Hunt (2006b). Convergence tests for them are
not presented here but the interested reader can ﬁnd them in Clot (2014),
where it is shown that very good results are obtained considering N = 2048
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Table 2: Mechanical parameters used to model the tunnel as a thin cylindrical shell.
Parameter Value
rt 5.65 m
ht 0.4 m
Et 27.6 GPa
νt 0.175
ρt 3000 kg m
−3
DEt 0.02
samples, Δkx = π/512 rad ·m−1 and 15 ring modes. These values have been
used in all the results presented in this section.
The convergence tests have been performed calculating the maximum dis-
placement magnitude um of the soil. This is given by
u2m =
3∑
i=1
|Ui|2
2
+
√
s
2 + c2, (34)
where
s =
3∑
i=1
|Ui|2
2
sin(2φi), c =
3∑
i=1
|Ui|2
2
cos(2φi), (35)
where φi = Im(Ui)/Re(Ui) and Ui the i-th component of the soil displace-
ment.
Fig. 8 presents the convergence test performed to obtain an adequate trunca-
tion frequency. The maximum displacement magnitude caused by a vertical
point load applied at (x, yp) = (0, 5.45) m is presented for the frequency range
1-200 Hz with a frequency resolution of Δf = 1 Hz. The results are obtained
at θm = π/3 rad and rm = 10 m for three diﬀerent axial distances: x = 0,
10 and 25 m. The mechanical parameters considered for the interior ﬂoor,
for the tunnel and for the soil are detailed in Tables 1, 2 and 3 respectively.
They are typical values of a reinforced concrete and of a soft tertiary ground.
The results show that, for the range of frequencies considered, small diﬀer-
ences are found between the three truncation frequencies considered. There-
fore, the response of the double-deck tunnel can be accurately computed
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Table 3: Mechanical parameters used to model the soil as an elastic continuum.
Parameter Value
Es 100 MPa
νs 0.3
ρs 1950 kg m
−3
DP 0.03
DS 0.03
considering a truncation value of 400 Hz.
The results presented in Fig. 8 also show that the soil response to a harmonic
point load applied on the strip plate show signiﬁcant peaks around 5, 40 and
120 Hz. These peaks arise around the same frequencies for all the cross-
sections considered being related to the propagation of long wavelengths or
small wavenumbers. For a better understanding of their origin, the strip
plate-tunnel coupling loads will be ﬁrstly quantiﬁed.
Fig. 9 presents the magnitude of the coupling load F¯ p1 for three diﬀerent
frequencies: 20, 50 and 150 Hz. The results have been obtained computing
Eq. (29) for a harmonic unitary vertical point load at (x, yp) = (0, 5.45) m.
Because the external load is applied at the same distance of both strip plate
edges, the coupling loads are equal. This symmetry has been tested to ensure
the correctness of the results. The coupling loads have been obtained for the
three diﬀerent truncation frequencies considered before.
The results show that the magnitude of the coupling loads depends sig-
niﬁcantly on the considered wavenumber and excitation frequency. As the
frequency increases, both the number of peaks of amplitude found and the
wavenumber where these peaks occur also increases. The wavenumber-frequency
values where the peaks appear has a very good agreement with the results
presented in Fig. 7. This can be easily explained looking at Eq. (29).
Once the matrix of receptances is inverted, the coupling loads are the result
of multiplying this inverse by the strip plate receptace of each edge. High
values of the coupling loads will be obtained when one or both of these
terms exhibits a peak of response. While for the inverse of receptances this
requires a proper combination of the strip plate and the PiP receptances,
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for the second term this peaks of response are obtained when the strip plate
presents a wave propagation mode. The results show that it is this second
term that governs the magnitude of the coupling loads between the tunnel
wall and the interior ﬂoor.
Fig. 9 also shows that, for high wavenumbers, important diﬀerences in the
magnitude of the coupling forces are found when the truncation frequency is
increased. These diﬀerences can be explained looking again at the dispersion
curves of the strip plate. For any truncation frequency considered, the higher
the wavenumber value is the smaller the number of modes contributing to the
strip plate becomes. The consequence of this reduction is that the accuracy
of the calculation performed decreases and that the coupling loads amplitude
is not calculated properly. In particular, for a truncation frequency of 400
Hz, no modes are found for wavenumbers over approximately 2.6 rad ·m−1,
and the coupling load is numerically equal to 0. It may seem that a very
large truncation frequency is needed for obtaining good results but, as has
been previously presented in Fig. 8, accurate results are obtained consid-
ering 400 Hz. This can be easily understood noting that, in the frequency-
wavenumber domain, the response of the soil, given by Eq. (27), is obtained
from the product of the coupling forces by the PiP model receptances. In
the considered frequency range of interest, the PiP response is very small at
high wavenumbers and, even if the applied load has a signiﬁcant amplitude
at these values, the response of the double-deck system is negligible. Due to
this, the soil response is correctly computed with a relatively small truncation
frequency, as has been previously shown.
Fig. 10 presents a comparison between the responses of a double-deck tunnel
and of a simple tunnel. The comparison is performed comparing both the
maximum displacement magnitudes at a certain point of the soil. The chosen
point is situated at rm = 10 m over the tunnel apex (θm = π/2 in the
double-deck model system of coordinates and θm = π in the PiP one). The
comparison has been performed applying a vertical point load at yp = 5.45 m
at the interior ﬂoor of the double-deck tunnel and a radial point load at the
tunnel invert of the simple tunnel. The correctness of the PiP computation
has been tested reproducing all the tunnel-soil results presented in Gupta
et al. (2007). Because this work uses the thick shell formulation of the PiP
model instead of the thin shell one, the results obtained using both have been
also compared. Very small diﬀerences have been found for the mechanical
28
parameters considered in this work.
Two main diﬀerences can be observed in the comparison of both responses.
The ﬁrst one, while the simple tunnel response is a smooth function for
all the excitation frequencies considered, the double-deck tunnel response
presents some signiﬁcant peaks at diﬀerent wavenumber values. Looking
at the results presented in Fig. 9 is easy to see that the peaks in the soil
response are obtained at the same values where the peaks of the coupling
forces where found. The only diﬀerence found now is that their relative
amplitude has been modulated by the PiP receptances. The second diﬀerence
is that, for high excitation frequencies, the range of wavenumber values where
the soil response amplitude is signiﬁcant is clearly smaller for a double-deck
tunnel than for a simple tunnel. The interior ﬂoor of the tunnel prevents
the propagation of waves with a short wavelength. This result is of great
help for deﬁning a wavenumber sampling that allows to compute properly
the numerical inverse Fourier transform performed to obtain the response
in the space domain. For example, while for high excitation frequencies an
upper wavenumber value of 2 rad ·m−1 is clearly insuﬃcient for obtaining the
response of the simple tunnel, it is clearly enough for the double-deck one.
Fig. 11 presents a comparison of the maximum displacement magnitude of
both tunnels in the space domain. The results are obtained applying Eq.
(3) to the previous wavenumber results and considering three diﬀerent cross-
sections: xm = 0, 10 and 25 m. The main diﬀerence between the response
of both models is that, for the case of the double-deck tunnel, signiﬁcant
peaks of amplitude occur for certain values of the excitation frequency. The
response of the double-deck tunnel at these excitation frequencies becomes
about 25 dB higher than the one of the simple tunnel. The clear diﬀerences
between the response of both tunnels show that the use of the PiP model
for the prediction of the response of a double-deck tunnel may give very
inaccurate results. The model presented in this work allows to extend the
prediction of train-induced vibrations to the case of double-deck tunnels
without losing the great computational eﬃciency obtained using a complete
analytical formulation of the problem.
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5. Conclusions
This work develops a 2.5D dynamic model of a double-deck tunnel embedded
in a full-space for the prediction of underground train-induced vibrations.
The response of the tunnel is obtained coupling the interior ﬂoor and the
tunnel-soil subsystems in the wavenumber-frequency domain. The interior
ﬂoor is represented as a thin strip plate and the tunnel-soil system is modelled
using the well-known PiP model. For the case of the strip plate, the analytic
results are compared to those obtained using a 2.5D FEM model, ﬁnding
very good agreement between both. Alternative well-behaved expressions
of the strip plate eigenfunctions are proposed in order to avoid numerical
instabilities. Convergence tests have been also carried out to ensure that the
parameters chosen to perform the numerical computation of the model are
adequate.
The results obtained with the presented model show signiﬁcant diﬀerences
between the response of a simple tunnel and the one of a double-deck tunnel.
These diﬀerences are shown to be caused by the eﬀect that the strip plate
dynamic behavior has on the amplitude of the coupling loads. The diﬀerences
between both tunnel structures point out the need of a new model for the
prediction of the ground-borne vibrations caused by trains circulating in a
double-deck tunnel structure. The combined use of an analytical formulation
of a strip plate and of the PiP model ensures that the presented model is
computationally eﬃcient, making the model suitable for performing predic-
tive studies in the design stage of a new double-deck tunnel construction.
Appendix A: Antisymmetric PiP matrices
This appendix presents the PiP matrices for the antisymmetric loading for-
mulation. The coeﬃcient are the ones presented in Forrest and Hunt (2006b)
and they are only repeated here for completeness. The matrix elements
numeration used here is slightly diﬀerent than the one used in their work.
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The matrix AE, related to the thin shell, can be written as
AE =
Etht
−rt(1− ν2t )
⎛
⎜⎝ a11 −a12 a13−a21 a22 −a23
a31 −a32 a33
⎞
⎟⎠ ,
where
a11 =
ρtrt(1− ν2t )ω2
Et
− rtk2x −
(1− νt)n2
2rt
(
1 +
h2t
12r2t
)
,
a12 =
(1 + νt)ikxn
2
,
a13 = −νtikx − h
2
t ik
3
x
12
+
h2(1− νt)ikxn2
24r2t
,
a21 =
−(1 + νt)ikxn
2
= −a12,
a22 =
ρtrt(1− ν2t )ω2
Et
− rt(1− νt)k
2
x
2
(
1 +
h2t
4r2t
)
− n
2
rt
,
a23 =
n
rt
+
h2t (3− νt)k2xn
24rt
,
a31 = νtikx +
h2t ik
3
x
12
− h
2
t (1− νt)ikxn2
24r2t
= −a13,
a32 =
n
rt
+
h2t (3− νt)k2xn
24rt
= a23,
a33 =
ρtrt(1− ν2t )ω2
Et
− h
2
t
12
(
rtk
4
x +
2k2xn
2
rt
+
n4
r3t
)
− 1
rt
+
h2t
12r3t
(2n2 − 1).
where Et is the tunnel’s Young modulus, νt is its Poissons ratio and ρt is the
concrete density.
The matrices U and T, related to the elastic continuum, take the form
U =
⎛
⎜⎝ u31 −u32 −u33−u21 u22 u23
−u11 u12 u13
⎞
⎟⎠ , T =
⎛
⎜⎝−t31 t32 t33t21 −t22 −t23
t11 −t12 −t13
⎞
⎟⎠ ,
33
where
u11 =
n
r
Kn(νP r)− νPKn+1(νP r),
u12 = ikxKn+1(νSr),
u13 =
n
r
Kn(νSr),
u21 =
−n
r
Kn(νP r),
u22 = ikxKn+1(νSr),
u23 = −n
r
Kn(νSr) + νSKn+1(νSr),
u31 = ikxKn(νP r),
u32 = νSKn(νSr),
u33 = 0.
t11 =
(
2μs
n2 − n
r2
− λsk2x + (λs + 2μs)ν2P
)
Kn(νP r) + 2μs
νP
r
Kn+1(νP r),
t12 = −2μsikxνSKn(νSr)− 2μsikxn+ 1
r
Kn+1(νSr),
t13 = 2μs
n2 − n
r2
Kn(νSr)− 2μsn
r
νSKn+1(νSr),
t21 = −2μsn
2 − n
r2
Kn(νP r) + 2μs
n
r
νPKn+1(νP r),
t22 = −μsikxνSKn(νSr)− 2μsikxn+ 1
r
Kn+1(νSr),
t23 =
(
−2μsn
2 − n
r2
− μsν2S
)
Kn(νSr)− 2μsνS
r
Kn+1(νSr),
t31 = 2μsikx
n
r
Kn(νP r)− 2μsikxνPKn+1(νP r),
t32 = μs
n
r
νSKn(νSr)− μs(k2x + ν2S)Kn+1(νSr),
t33 = μsikx
n
r
Kn(νSr).
where Kn is the modiﬁed Bessel function of the second kind and order n, λs
and μs are the ﬁrst and second Lame´ coeﬃcients and where
νP =
√
k2x −
ω2
c2P
, νS =
√
k2x −
ω2
c2S
.
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The values of cP and cS , which are the P-wave and S-wave velocities respec-
tively, are given by
cP =
√
(λs + 2μs)(1 + 2iDP )
ρs
, cS =
√
μs(1 + 2iDS)
ρs
,
where ρs is the soil density and DP and DS are the hysteretic damping ratios
of both types of waves.
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